We consider passive scalar mixing by a prescribed divergence-free velocity vector field in a periodic box and address the following question: Starting from a given initial inhomogeneous distribution of passive tracers, and given a certain energy budget, power budget or finite palenstrophy budget, what incompressible flow field best mixes the scalar quantity? We focus on the optimal stirring strategy recently proposed by Lin et al. (2011) , which subsequently determine the flow field that instantaneously optimizes the depletion of the H −1 mix-norm. In this work we bridge some of the gap between the best available a priori analysis and simulation results. After recalling some previous analysis we present a new explicit example establishing finite-time perfect mixing with a finite energy constraint on the stirring flow. On the other hand, using techniques pioneered by Yudovich in proving uniqueness of solutions to the 2-d Euler equations, we establish that if the flow is constrained to have constant palenstrophy, then the H −1 mix-norm decays at most ∼ e −ct 2 . Finite-time perfect mixing is thus certainly ruled out when too much cost is incurred by small scale structures in the stirring. Direct numerical simulations suggest the impossibility of finite-time perfect mixing for flows with fixed power constraint and we conjecture an exponential lower bound on the H −1 mix-norm in this case. We also discuss some related problems from other areas of analysis, which are similarly suggestive of an exponential lower bound for the H −1 mix-norm.
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I. INTRODUCTION
The advection of a substance by an incompressible flow is important in many physical settings. This process often involves complex evolving structures of wide range of space and time scales. Here we concentrate on the case of scalar advection where the transported quantity is passive, so has negligible feedback on the flow. Given a stirring velocity flow field u(x, t) with ∇ · u = 0, we consider the advection of a passive scalar field ρ(x, t) by a smooth incompressible flow field u(x, t) described by the partial differential equation
along with the initial condition ρ(x, 0) = ρ 0 (x). For definiteness and simplicity we consider stirring fields u and initial distributions ρ 0 that are periodic in the 2-dimensional domain
, and hence the concentration remains periodic as it evolves in time. As an extension of an established research study started in Lin et al. 1 , in this current work we present recent developments and propose new related problems. We recall the goals of the research program started there: Given an initial tracer distribution ρ 0 (x), we would like to know what incompressible flow field u(x, t), satisfying certain reasonable amplitude constraints, should be imposed that will stir the scalar quantity in an optimal manner. To make this question more precise, the problem can be decomposed into two parts as follows:
1. First, it is important to identify how to quantify the degree of mixedness of the passive scalar field.
That is, what do we mean by optimal stirring and in particular what is the quantity that needs to be optimized in the stirring process. Adopting a particular mixing measure is the starting point in any approach to optimal stirring. To address this first question, observe that ρ is conserved, i.e., ρ(x, t) = ρ(x, 0) for all t > 0 and therefore yields that the spatial average is also conserved, that is
Consider the quantity
which is of spatial average zero and which also solves the advection equation (1) . Since θ is a solution to (1), by taking the inner product of equation (1) with θ and integrating by parts we see that d dt θ L 2 = 0, which implies that the variance of the density ρ(x, t) cannot measure how mixed a scalar quantity is. A measure of mixing was then developed as follows: the stirring field u(x, t) is mixing if for every periodic
That is θ(x, t) converges weakly to zero in L 2 as t → ∞. This implies that
In other words, one can measure how fast mixing occurs by measuring the decay of the H −1 norm. In fact any H −a norm would work for a > 0 and could be called mix-norm. This idea originally stems from the work of Mathew et al. 2 who considered the H 1/2 norm, but Lin et al. 1 adopted the H −1 norm which allowed a straightforward and operational stirring strategy. This particular mix-norm measures a length-scale in the system, which is naturally associated with the dominant unmixed "blob" sizes.
2. After adopting a particular mixing measure, the second step in any approach to optimal stirring is to specify relevant constraints on the flows. Several researchers 3-5 recently formulated transient mixing as an optimal control problem within a restricted class of flows sharing for example, common values of the kinetic energy or viscous energy dissipation rate. Lin et al.
1 established absolute limits on the speed of transient mixing by stirring. Recalling that the
then, given an energy (∼ u 2 L 2 ) budget, or a viscous power dissipation (∼ ∇u 2 L 2 -the enstrophy for Newtonian fluids) budget, or some other stirring strength constraint, the authors proposed a way to optimize mixing by choosing u depending on the tracer density θ at each instant of time, which minimizes the right hand side of (6) subject to incompressibility and the stirring constraint. The effectiveness of this "local" control strategy was subsequently investigated analytically and computationally.
In Section II we discuss some interesting facts that emerged shortly after the paper by Lin et al.
1 appeared. For example we recall that in the case of an instantaneous energy budget u 2 L 2 = U 2 for the stirring, a priori analysis yields a lower bound on the
where l is a length scale characteristic of the initial distribution. Here we display an explicit example showing that this estimate is in fact sharp and that perfect mixing in finite time is possible within this scenario. The example of finite time perfect mixing at constant stirring energy involves shear layers in the flow cascading down to arbitrarily small scales while maintaining the bulk rms and local flow speed.
In Section III, using techniques pioneered by Yudovich 6 to prove uniqueness of solutions to the 2-d Euler equations, we show that if the flow is constrained to have constant palenstrophy P := ∆u 2 L 2 then the H −1 mix-norm decays at most ∼ e −cPL 2 t 2 . That is, finite time perfect mixing is definitely ruled out when too much cost is incurred by small scale structures in the stirring. Our numerical results support the analysis. It is worthwhile to mention the recent work of Wirosoetisno 7 , who proved that sufficiently smooth stirring flows solving the unforced 2-d Euler equations (simultaneous constant energy and constant enstrophy but not necessarily constant palenstrophy flows) cannot decrease the H −1 mix-norm faster than exponential in time. This result is complementary to the finite-time mixing example where the flow is a constant energy solution of the forced 2-d Euler equations.
If the stirring strength constraint involves norms of gradients of the flow, however, flow speeds must necessarily decrease as length scales in the stirring decrease. Nevertheless the same sort of a priori analysis that yields a sharp lower bound on the H −1 mix-norm for energy-constrained flows also produce rigorous lower estimates for the mix-norm for powerconstrained (fixed ∇u 2 L 2 ) flows in 2-and 3-dimensions that do not rule out perfect mixing in finite time. On the other hand, direct numerical simulations of optimal stirring at fixed power (enstrophy) display robust exponential decay of the mix-norm, as reported in Lin et al. 1 , indicating that there may be room for significant improvement of the analysis. It is easy to see from equation (6) above that for flows with velocity gradients bounded uniformly in both space and time, the H −1 mix-norm can decay at most exponentially in time. But the more physically relevant open problem is to define the maximal mixing rate with spatially mean square velocity gradients bounded uniformly in time given as the constraint.
Given the computational evidence from 2-d simulations it is certainly reasonable to conjecture the impossibility of finite-time perfect mixing in terms of the H −1 mix-norm for all power-constrained flows. More precisely, it is reasonable to conjecture an exponential lower bound on the mix-norm for flows with bounded mean square velocity gradient or enstrophy no matter how they are controlled, i.e., no matter how they might be produced from properly forced Stokes, Navier-Stokes, or Euler equations.
In Section IV we discuss results about some related problems from other areas of analysis, which are quantitatively equivalent or similarly suggestive of an exponential lower bound for the H −1 mix-norm. Bressan 8 conjectured a "cost rearrangements" estimates in terms of the notion of sets (indicator functions) being " −mixed" , a version of which Crippa and De Lellis 9 recently proved , that is similarly suggestive. Brenier et al. 10 have very recently considered the time-reversed "unmixing" problem, coarsening, and derived an upper bound on the umixing rate in terms of the Monge-Kantorowicz-Rubinstein transportation distance with logarithmic cost function and bounded ∇u L 2 that is not inconsistent with -but also not yet clearly quantitatively equivalent to -an exponential lower bound for the H −1 mix-norm. Among the analytical challenges remaining to relate the results is to establish a quantitative relationship between the H −1 mixing measure and these other gauges of "well-mixedness".
II. FINITE-TIME PERFECT MIXING WITH FIXED ENERGY CONSTRAINT
In this section we first recall the absolute bounds of the decay of the H −1 mix-norm for fixed energy constraint presented in Lin et al. 1 and then we will show that this estimate is sharp by showing an explicit analytical example.
We consider flow fields u satisfying
where U = |u| 2 1/2 is the root-mean-squared velocity of the stirring. Multiplying the advection equation (1) for the periodic mean-zero scalar field θ by −∆ −1 θ, integrating over the spatial domain, and integrating by parts, recalling that u is periodic and divergence free we get
Using the fact that the L ∞ norm of |θ| is conserved, i.e., θ(·, t) L ∞ = θ 0 L ∞ at every time t > 0 and performing the Hölder and Cauchy-Schwarz inequalities we obtain
Dividing both sides by 2 θ H −1 and integrating in time yields
permiting finite-time perfect mixing as measured by the H −1 mix-norm with a lower bound on the absolute minimum mixing time
where
characterizes the size of the initial inhomogeneities in the scalar field. The lower bound in (9) implies that under constant energy constraint, the time it takes to achieve complete mixing is at least as long as the time it takes to transport scalar inhomogeneities across the characteristic distance ∼ l 0 at the rms speed U of the flow. This limiting mixing rate can actually be achieved as we will show below.
To show that the estimate above is sharp we give the following example, which shows perfect mixing in finite time t = 2 while the energy remains constant in time. We introduce the floor function denoted as x := f loor(x), which outputs the largest integer not greater than x. Then consider the flow produced by the spatially periodic velocity field u :
2 described as follows illustrated in Figure 1 :
• For (n ≥ 1) {
n y is even Set a = c;
Set n = n + 1;
Repeat (1) and (2); } , respectively. In Table I we record the mix -norm N for each of the scalar field distribution in Figure 1 and then add a couple more entries to show the trend. Observe that if we sample the norm at the even (or odd) steps then we have exactly linear in time decay of the mix-norm N . In particular, we will have exactly,
with t mix = 2. This shows that the estimate in (9) is sharp.
III. FIXED PALENSTROPHY CONSTRAINT AND THE GAUSSIAN EXPONENTIAL DECAY OF THE H −1 MIX-NORM
The analysis in Lin et al. 1 for fixed power constraint also does not rule out finite-time mixing but their numerical simulations suggest otherwise. Given this numerical evidence, an exponential bound on the mix-norm for flows with bounded mean square velocity gradient was conjectured. An analytical proof for this conjecture is yet to be available. To develop some analytical tools, we looked at the case of fixed palenstrophy P := ∆u 2 L 2 constraint. Under this particular setting, we were able to establish analytically the impossibility of finite-time mixing. Our analytical result is consistent with our numerical simulation results using the optimal stirring strategy in Lin et al.
1 implemented with the fixed palenstrophy constraint. Using techniques pioneered by Yudovich 6 to prove uniqueness of solutions to the 2-d Euler equations, we present below that if the flow is constrained to have constant palenstrophy then the H −1 mix-norm decays at most ∼ e −cPL 2 t 2 . That is, finite time perfect mixing is certainly ruled out when too much cost is incurred by small scale structures in the stirring.
A. The Gaussian-exponential decay of the H −1 mix-norm
denotes that units of θ. Starting from the advection equation for the periodic mean-zero scalar field θ, multiplying by −∆ −1 θ, integrating over the spatial domain, and integrating by parts, recalling that u is periodic and divergence free we get the following series of estimates (using the notation ∇ −1 = ∇∆ −1 ):
where 0 < ≤ 1/2 and M = ∇ −1 θ ∞ . We used Hölder's inequality, and the embedding of the Sobolev space
, for p ≥ 2 with embedding constant C independent of . More precisely, we use the inequality proven in the Appendix and valid in two dimensions [11] [12] [13] , that for any w ∈ H 1 and p ∈ [2, ∞),
The constant C is proportional to L 2/p , where we recall L is the size of the box. Denoting
Divide both sides by z 1− we get
Multiplying both sides by and integrating we obtain
The last step involves taking the th root of both sides of the inequality and observing that in
where β max = max 1,
. The last inequality follows from the fact that the maximum of
is attained either at = 0 or = 1/2 when 0 < ≤ 1/2. Then denote A(t) = β max t 0 ∆u 2 ds. Choosing
we obtain
Observe that since
For constant palenstrophy stirring, B(t) = Pt increases linearly in time so
We also point out a similar result when we require a similar less smooth stirring flow as follows. For > 0, we say that ∇u is in the function space
The space √ L (first introduced in by Danchin and Paicu 11 ) arises naturally, due to the inequality (13) . One can show that the case of ∇u ∈ √ L, also allows for the Gaussian decay of the H −1 norm of θ as shown above. The proof follows similarly and included in the Appendix. To get a sense of this space notice that in bounded domains
This alternate restriction on the gradient of the velocity field is then weaker than requiring ∇u ∈ L
The decay rate of the H −1 norm of θ is shown to be exponential of the form e −Ct 1/(1−δ) , where δ = 1/m. In particular, this is consistent with the result of exponential-in-time decay of the mix-norm when ∇u ∈ L ∞ , that is, the case when δ → 0, which was noted by Lin et al.
1 .
B. Optimal stirring strategy with fixed palenstrophy constraint
Consider the optimal stirring strategy proposed by Lin et al. 1 for flow fields u with fixed palenstrophy ( ∆u 2 L 2 ). The optimal flow field, which instantaneously extremizes the depletion of the H −1 mix-norm is derived by observing that one can rewrite (7) as follows
where P(·) is the projector onto div-free fields defined by
Thus, the right-hand side of (24) is as negative as possible when the vector field u "looks" like the quantity −P(θ ∇(−∆ −1 θ)) at every instant of time.
To be more precise one way to optimize mixing by this criterion is to choose u depending on the tracer density θ at each instant of time to minimize the right hand side of (24) subject to the stirring constraint. The optimal mixer maximizing the rate of decay of the H −1 mix-norm given fixed palenstrophy constraint is given by
as long as the denominator is not zero. If the denominator becomes zero while implementing the optimal mixer numerically, the optimal stirring strategy finds the flow that maximizes the rate of decrease of the norm (see Lin et al. 1 for more complete details). The a priori analysis in the previous section yields that for flows with fixed palenstrophy, the H −1 mix-norm can decay at most Gaussian-exponentially in time. Direct numerical simulations implementing the optimal stirring strategy of Lin et al. 1 at fixed palenstrophy constraint (Figure 2 ) display an exponential decay of the mix-norm. Although the decay is not convincingly a simple exponential, the observed "sub-exponential" decay is complementary to the analytical estimates. We also measured the decay of the H −1/2 mix-norm and compared it with the results of Mathew et al. 3 for the problem of optimal control of advective mixing in Stokes flows in which the H −1/2 mix-norm was used as a measure of degree of mixedness of the scalar quantity. The L 2 norm of θ, a conserved quantity, is monitored in the simulations. We also remark there there is at least a transient dependence on initial data as shown in Figure 3 . This dependence on initial data was not observed in the case of fixed power constraint reported in Lin et al. 1 . Figure 4 shows the snapshots of the evolution of the scalar field with θ 0 (x) = sin x under the local fixed palenstrophy optimal mixer. In comparison to the snapshots reported in Lin et al.
FIG. 2. Exponential decay of the
1 with the same initial data but under the local fixed power optimal mixer, the distribution of the scalar field is clearly less mixed at each instant of time. Simulations were done using pseudo-spectral method under 512 × 512 resolution.
Snapshots of the evolution of the scalar field with θ 0 (x) = sin x under the local fixed palenstrophy optimal mixer
We summarize our findings and conjecture in Figure 5 . The explicit analytical example presented in Section II shows that the rigorous analytical lower bound for the H −1 mixnorm, which permits finite-time perfect mixing under the fixed-energy constraint is sharp. Gaussian-exponential analytical lower bound implies that perfect mixing in finite time is ruled out for the fixed palenstrophy constrained flow field mixer. Direct numerical simulations supporting this rate are presented in Section III. The conjecture is exponential decay of the H −1 mix-norm for the fixed power constrained flow field mixer as evidenced form the direct numerical simulations. Rigorous analytical estimates are currently unavailable.
IV. RELATED RESULTS FROM OTHER AREAS OF ANALYSIS
In this section we discuss some related problems from other areas of analysis. We then discuss several analytical questions that would establish the quantitative relationship between the H −1 mixing measure and these other gauges of well-mixedness. 
A. Bressan Conjecture on the Cost of Rearrangement
Previously, Bressan 8 conjectured a "cost rearrangement" estimates in terms of the notion of sets (indicator functions) being "ε−mixed". In his set-up, he considered the twodimensional torus T 2 , and considered the set A ⊂ T 2 whose measure is half of the total measure of the system. To recall the more precise definition of ε−mixing given in Bressan 
Definition IV.1. For any fixed 0 < κ < 1/2 we say that Ψ T , the value of the flow map at time t = T , mixes the set A up to scale ε if, for every ball B(x, ε) centered at x ∈ T 2 with radius ε, one has x, ε) ).
Bressan
8 proposed the following conjecture:
Conjecture IV.2. Let u = u(x, t) be a smooth vector field on T 2 , and assume that the associated flow Ψ t is "nearly incompressible" so that, for some κ > 0,
for all Ω ⊂ T 2 and t ∈ [0, 1]. Then there exists a constant C depending only on κ, and κ , such that, if u mixes the set A up to scale ε, then Theorem IV.3. Let p > 1. Let Φ be the value of the flow at time t = 1. Under the previous setting as in Bressan's mixing conjecture, there exists a constant C depending only on κ, κ and p such that, if Φ mixes the set A up to scale ε, then
Interestingly, if ε in definition IV.1 is proportional to θ H −1 , then we can justify analytically the observed exponential decay rate of the H −1 norm of the advected scalar field θ in the simulation using the above theorem by Crippa and De Lellis. More precisely, consider p = 2. Let τ = γt and v = u/γ then, we have
and if ε = θ(·, γ) H −1 θ 0 H −1 we have after dividing both sides by −C and exponentiating, we
Furthermore, using Cauchy-Schwarz inequality we obtain
That is, if we can then show that indeed ε is proportional to θ(·, γ) H −1 θ 0 H −1 , then we can establish an exponential lower bound for the H −1 mix-norm. However, in the next subsection we will show that there is no simple relationship between ε and the mix-norm.
B. A comparison between ε− mixed and the H −1 mix-norm
If there is a direct correspondence between ε−mixed norm and the H −1 mix-norm then the result of Crippa and De Lellis 9 together with the calculations would establish an exponentially decaying lower bound for the H −1 mix-norm. However, as we will see below, there is in fact no clear correspondence between the two measures of mixing. Consider these questions:
We slightly modify what we mean by ε−mixed to simplify our presentation.
Definition IV.4. Let f = ±1 be a periodic function with zero mean. We say that f is ε−mixed if for each x ∈ T 2 and with 0 < κ < 1 fixed, we have that
for some universal constant C, where we denote
f (y)dy.
The calculations and examples below will show that a function f , being ε−mixed does not necessarily imply its H −1 norm is order ε and/or vice-versa. These examples shed some light on differences between the notions of being ε−mixed in comparison to the H −1 mix-norm.
Counterexample for Q.1
Here we that if f is ε−mixed then it is not necessary that the f H −1 is of order ε. The counterexample was motivated by the examples below in Figure 6 . The figure shows three examples of a function that is ε−mixed (with ε becoming smaller) but whose H −1 norm is not order ε for each case.
FIG.
6. An example of a function, which is ε−mixed but whose H −1 mix-norm is not of order ε.
To be more precise we consider any 1-periodic function g, g = ±1 such that for a fixed 0 < κ < 1,
In particular, since g is periodic, for any a we have , with n ∈ N, we let
We then extend f as an odd, ε-periodic function. By construction we have,
Also,
By the weak convergence of g(x/ε) to κ/2 as ε → 0,
This implies that one of the Fourier modes does not go to zero, which then implies that f H α = O(1) as ε → 0 for any α and in particular for α = −1 or α = −1/2. From (32) we
Thus we have constructed an example of a function with f H −1 = O(1), f L 2 = 1 and such that the above inequality holds. This shows that the answer to Q.1 is no.
Counterexample for Q.2
The next example illustrated in Figure 7 shows that we can have a function whose H −1 norm is less than or equal to ε but that which is not ε−mixed. To see this, let ε = 1/2 n , fix a large integer α, and consider f an even function on [−1, 1] (the step function in Figure 7) given for x > 0 as follows
1, for 2αε + 2iε < x ≤ 2αε + (2i + 1)ε, for i = 0, 1, 2, . . . ,
An example of a function f (the step function) where f H −1 ≤ ε but that which is not ε−mixed. The sawtooth function is an antiderivative of f chosen so that it has mean zero.
u(x)dx = 0 as we can easily verify that u (the sawtooth function in Figure 7 ) is an odd function on [−1, 1] given for x > 0 as follows
and it has (linear) saw-tooth oscillations of height ε, when x > 2αε.
One can then verify that
with c 0 = 1/3, c 1 = 2/3 and c 2 = 2/3, however
for r = αε. The above example generalizes to the case when α = α(ε), by taking α = δε −1/3 . This shows that there exist a function f with f H −1 ≤ ε but that which is only at most ε 2/3 −mixed (since by construction f = 1 on the ball B 2αε (0)). Given that ε 2/3 > ε, since ε << 1, implies that f cannot be ε−mixed. As a particular illustration consider ε = 1/2 9 , fix a large integer α = 2 3 , and consider f an even function on [−1, 1] given for x > 0 as follows
1, for 2 −5 + 2iε < x ≤ 2 −5 + (2i + 1)ε, for i = 0, 1, 2, . . . , 263
Letting u = f ,
and it has (linear) saw-tooth oscillations of height ε, when x > 2 −5 . Hence,
but the largest scale is
This shows that the answer to Q.2 is no. Although we have shown that there is no simple relation between the H −1 mix-norm and being ε−mixed we note that if we can show that θ H −1 is O(ε) when θ is ε σ −mixed for any fixed 0 < σ < ∞, then again from (29) we obtain (31) with the constant C replaced by σC.
V. CONCLUSION
Optimal stirring for transient mixing is a particularly timely problem and the ability to investigate optimized flows computationally yields both intuitive insights into effective stirring strategies and allows testing of the a priori analysis. The thrust of studies in this direction will be toward determining sharp estimates on the rate of mixing (in terms of the H −1 mix-norm) and understanding qualitative and quantitative properties of flows that realize-or-approach those absolute limits. Brenier et al. 10 have very recently considered the time-reversed "unmixing" problem, coarsening. They derived an upper bound on the coarsening rate in terms of the Monge-Kantorowicz-Rubinstein transportation distance with logarithmic cost function and bounded ∇u L 2 that is not inconsistent with-but also not yet clearly quantitatively equivalent to -an exponential lower bound for the H −1 mix-norm. Can theorems of transportation distances and rearrangement costs be translated into sharp results for the H −1 mix-norm with power-constrained flows? To what extent straightforward control strategies be employed to saturate the best bounds? A far more reaching question is whether or not statistically stationary homogeneous isotropic turbulent flows mix passive tracers everywhere near optimally.
VI. APPENDIX
For completeness we include some important theorems in Appendix A for reference to Appendix B.
A. Hausdorff-Young Inequality
Proof. Define the mappings
Note that the Fourier transform mapping F[f ] :=f is a bounded map from
and
We then use Riesz-Thorin interpolation theorem to interpolate between the two estimates to obtain
We conclude that the Fourier transform is a bounded operator from
we have the estimate
Proof. Let
To each function f ∈ L 1 (T n ) we associate a sequence {f (k)} of the Fourier coefficients of f defined above. We denote this mapping as
By the Riemann-Lebesgue lemma and Cauchy-Schwartz
Similarly, to each function f ∈ L 2 (T n ) we associate a sequence {f (k)} of the Fourier coefficients of f and using Plancherel's theorem we have
We interpolate between the estimates (37) and (38) by applying Riesz-Thorin theorem, to obtain
We conclude that the mapping F is a bounded operator from
so that the mappingf in (36) is well defined. For the same reason, the formula which should allow us to recover f fromf , namely by summing up the series, is well defined. For {ĝ(k)} ∈ l 1 , we have that F −1 ({ĝ(k)}) ∞ ≤ {ĝ(k)} l 1 . Similarly, For {ĝ(k)} ∈ l 2 , we have that F −1 ({ĝ(k)}) 2 ≤ L n/2 {ĝ(k)} l 2 . Thus,
for q > 2.
B. Embedding of H 1 into L q for all 2 ≤ q < ∞ in two dimensions.
Theorem VI.4 (Embeding of H 1 (T 2 ) → L q (T 2 ), 2 ≤ q < ∞). Let n = 2. For any q ∈ [2, ∞) and u ∈ H 1 (T 2 ), the inequality
holds with a constant C < 1.
u(x) dx and p < 2 be the dual index of q > 2, i.e., ≤ q − 1
by integral comparison. Now using the Hausdorff-Young inequality the estimates above, and Remark VI.3
where C p < 1 from the sharp Hausdorff-Young inequality. 
where we have used Holdér's inequality, the interpolation inequality, (where we note that the interpolation constant is independent of ) and noticed that instead of using the embedding of
, q ≥ 2 we get the appropriate factor by multiplication and division of some factor involving .
We denote z = ∇ −1 θ 2 L 2 , then we can rewrite the equation above as
Divide both sides by z 1− /2 we get
Multiply both sides by /2 and integrate to get
The last step involves taking the ( /2) th root of both sides of the inequality, which leads us to the following
Pulling out a common factor, we have the following inequality
Let us then denote A(t) = 
where S = ∇u 2 √ L .
